











Manuscript version: Author’s Accepted Manuscript 
The version presented in WRAP is the author’s accepted manuscript and may differ from the 
published version or Version of Record. 
 
Persistent WRAP URL: 
http://wrap.warwick.ac.uk/159467                        
 
How to cite: 
Please refer to published version for the most recent bibliographic citation information.  
If a published version is known of, the repository item page linked to above, will contain 
details on accessing it. 
 
Copyright and reuse: 
The Warwick Research Archive Portal (WRAP) makes this work by researchers of the 
University of Warwick available open access under the following conditions.  
 
Copyright © and all moral rights to the version of the paper presented here belong to the 
individual author(s) and/or other copyright owners. To the extent reasonable and 
practicable the material made available in WRAP has been checked for eligibility before 
being made available. 
 
Copies of full items can be used for personal research or study, educational, or not-for-profit 
purposes without prior permission or charge. Provided that the authors, title and full 
bibliographic details are credited, a hyperlink and/or URL is given for the original metadata 
page and the content is not changed in any way. 
 
Publisher’s statement: 
Please refer to the repository item page, publisher’s statement section, for further 
information. 
 














Thomasina V. Ball1 and Neil J. Balmforth2
1Mathematics Institute, University of Warwick,
Coventry CV4 7AL, United Kingdom
2Department of Mathematics, University of British
Columbia, 1984 Mathematics Road, Vancouver, BC,
V6T 1Z2, Canada
An asymptotic model is constructed to describe the
bending of thin sheets, or plates, of viscoplastic fluid
described by the Herschel-Bulkley constitutive law,
which incorporates the von Mises yield condition
and a nonlinear viscous stress. The model reduces
to a number of previous ones from plasticity theory
and viscous fluid mechanics in various limits. It
is characterized by a yield criterion proposed by
Ilyushin which compactly combines the effect of
the bending moment and in-plane stress tensors
through three particular invariants. The model is
used to explore the bending of loaded flat plates, the
deflection of impulsively driven circular plates, and
the tension-controlled deflection of loaded beams.












The theory of plates and shells plays a classical role in solid mechanics, combining the expedient
simplifications afforded by a slender geometry with a host of important applications [1]. Mining
the same vein in the 1950s and 1960s, significant work was devoted to the exploration of the
failure of plastic plates (e.g. [2–7]). The link between Stokes flow and linear elasticity further led
to development of theories of viscous plates and shells, together with investigations of the fluid
analogues of classical bending problems from solid mechanics [8–16]. More recently, the bending
dynamics of two-dimensonal sheets of viscoplastic fluid have been considered [17–20], combining
aspects of all three of these physical problems.
The goal of the present work is to provide a model for the bending of (three-dimensional)
plates of viscoplastic fluid characterized by the Herschel-Bulkley constitutive law, a popular
model for viscoplastic fluids [21]. To derive this model, we perform an asymptotic analysis of the
full three-dimensional governing equations, including tension and stretching within the plane of
the plate. The theory follows on from discussion of the two-dimensional bending of viscoplastic
sheets [18]. However, we include only the leading-order effects of in-plane stretching, implying
that the plate maintains almost constant thickness, and consider relatively low curvatures (both
of which limitations could, in principle, be relaxed).
When the deformation rates become small, our model reduces to that for a perfectly rigid-
plastic plate satisfying the von Mises yield criterion. However, our inclusion of in-plane tension
and stretching generalizes the classical analyses from the plasticity literature [2–4,7,22], which
only included bending. The combination of bending moments with in-plane tensions leads to
a significantly richer yielding criterion equivalent to that presented by Ilyushin (see [23,24]).
Moreover, the inclusion of viscous stresses furnishes the state of collapse beyond the plastic limit
(i.e. the form of motion once one exceeds the critical load for failure). Our theory bears some
similarities with earlier work in the plasticity literature incorporating rate-dependent stresses
[25–29]. However, unlike that earlier work, our analysis establishes a consistent asymptotic model
that we explore in its full form, rather than working with any linearization of the constitutive law.
Although viscoplastic models have been proposed previously for metal plates (e.g. [25–27,
29]), our current motivation stems from some geophysical problems. In particular, a viscoplastic
plate model may be relevant for describing the deformation of the stiff crust encasing lava and
mud flows (e.g. [30–32]). Similarly, the effective viscoplasticity of sea ice can impact its large-
scale deformation and the propagation of ocean waves [33,34]. The damping of wave motion
by the bending of a viscoplastic surface layer also features in more commonplace or industrial
settings [35].
To illustrate the dynamics captured by the thin-plate model, we consider a number of examples
motivated by classical plasticity literature. First, we consider the bending of flat, clamped,
rectangular plates without tension, constructing the collapse states beyond the initiation of plastic
failure (as determined previously by limit analysis [7,22,36–38]). We then consider clamped
circular plates (cf. [3,25–27,39,40]) and include in-plane stretching in the dynamics of a loaded
plastic beam [17,18]. For some of these examples, we compute solutions using an augmented
Lagrangian scheme developed for viscoplastic fluids [41,42]. This scheme computes stress
solutions everywhere, including the plug regions where the stress state is formally indeterminate,
with the iterative algorithm converging to an admissible stress state. As the implementation of
this algorithm for our plate equations is somewhat novel, we provide details in an appendix.
2. Viscoplastic plate model
(a) Formulation
Consider a thin plate of viscoplastic fluid satisfying the Herschel-Bulkley constitutive law.











Figure 1. Sketch of the plate geometry.
for bending; ε =H/L≪ 1. In the Cartesian coordinates, (x, y, z), in which the plate is aligned
primarily with the horizontal x − y plane, the governing equations for an incompressible fluid
with velocity field u = (u, v,w) are




+u ⋅ ∇u) =−∇p +∇ ⋅ τ + ρg =∇ ⋅σ + ρg, (2.2)
where ρ and g = (0,0,−g) are density and gravity, and the total stress tensor σ = τ − pI is broken
down into the deviatoric stress tensor τ and pressure p. The Herschel-Bulkley constitutive law is
γ̇ = 0, τ < τY ,
τ = (Kγ̇n−1 +
τY
γ̇
) γ̇, τ ≥ τY ,
(2.3)



























=w, (τ − pI) ⋅n =N±n, (2.5)
where n is the outward normal unit vector, and N± denotes any normal force, including that of
surface tension.
(b) Scaling
Following [18], we remove dimensions from the equations by scaling x and y by L, and vertical
lengths by H. In the bending-dominated regime, the components of the velocity and stress must
be scaled differently. In particular, using the thin sheet approximation and balancing gradients of
the stress components in the momentum equation (2.2) [1,12,18], we set
(u, v) = εV(û, v̂), w =Vŵ, (2.6)
and
(p, σxx, σyy, σxy) =P(p̂, σ̂xx, σ̂yy, σ̂xy), (σxz , σyz) = εP(σ̂xz , σ̂yz), σzz = ε
2
Pσ̂zz , (2.7)











In view of these scalings, we may rewrite the continuity and momentum equations in (2.1)-(2.3)



































































2∂u/∂x ∂v/∂x + ∂u/∂y ε−1(∂u/∂z + ∂w/∂x)
∂v/∂x + ∂u/∂y 2∂v/∂y ε−1(∂v/∂z + ∂w/∂y)






















denote the stress scale and three dimensionless groups corresponding to Reynolds, gravity and
Bingham numbers. The surface conditions at z =Z± become
∂Z±
∂t






















where the normal surface forces have been scaled by ε2P .
(c) Reduction
To reconcile the different scalings in the continuity equation (2.8), the vertical velocity must be
independent of z to leading order so we setw =W (x, y, t) + ε2w2(x, y, z, t). In addition, to balance
the strain rate components in equation (2.12), after integrating, we find (cf. [1,12,18])
u =U(x, y, t) − (z −Z)
∂W
∂x




where (U,V ) denotes the in-plane velocity along the reference surface z =Z(x, y, t). But in view
of the kinematic conditions in (2.14), it is also now evident that the plate bends with little change
in thickness, and so Z± =Z ± 12 and the reference surface is just the midplane of the plate and W












With the form for the velocity field given by (2.16) the primary stress components may now be












) (∆ − ζΓ ) (2.17)
where ζ = z −Z, two key tensors characterizing the degree of stretching and bending are
∆ = 2D + 2Tr(D)I, Γ = 2K + 2Tr(K)I, (2.18)





































the local curvatures are given by the Hessian matrix
K =∇∇W ≡ (
∂2W /∂x2 ∂2W /∂x∂y
∂2W /∂x∂y ∂2W /∂y2
) , (2.20)
and the planar gradient operation is ∇ ≡ (∂/∂x, ∂/∂y).









(ζ − Υ )2 + α2 (2.21)
where key invariants of the bending rate and stretching rate tensors are combined into the three
quantities,
Γ 2 = 12 [Tr(Γ
2












































































Note that one can show that α2 ≥ 0. Thus, the strain rate invariant cannot vanish within the
plate unless α = 0 and ζ =Υ simultaneously, which in general identify degenerate points with no
particular significance. One can show that the condition α = 0 demands that D =ΥK; if this tensor
alignment occurs over a finite area of the plate, the stage is set for stress jumps across the “neutral
surface” ζ =Υ as in the two-dimensional problem considered in [18]. Aside from such a special
situation, the plate must yield as a whole unless Γ = 0, in which case it is rigid throughout.






















































where we have split the sum of the net normal surface forces and gravity into a surface tension



































































+ 2γ∇2Z +N, (2.30)
where the first three terms on the right-hand side describe the bending force and the second three
terms are related to the stretching force on the sheet.
(d) Constitutive laws
























) + sinh−1 (
1 + 2Υ
2α
) , I0,1 = 1, I0,3 =
1
12






8(1 + 2Υ )
√
(1 + 2Υ )2 + 4α2 + 18(1 − 2Υ )
√
(1 − 2Υ )2 + 4α2, (2.33)
I1,n =
[(1 + 2Υ )2 + 4α2]
n+1




, I1,1 =Υ (2.34)
and, for α→ 0,
I0,n→
∣1 + 2Υ ∣n−1(1 + 2Υ ) + ∣1 − 2Υ ∣n−1(1 − 2Υ )
2nn
, I1,n→
∣1 + 2Υ ∣n+1 − ∣1 − 2Υ ∣n+1
2n+1(n + 1)
. (2.35)
With these integrals, we may substitute (2.17) and (2.21) into (2.25) and (2.29), to find
Σ =Γn−1[I0,n∆ + (I1,n − ΥI0,n))Γ ] +
Bi
Γ
[I0,0∆ + (I1,0 − ΥI0,0)Γ ] (2.36)
and
M =Γn−1{(ΥI0,n − I1,n)∆ + [2ΥI1,n − I0,n+2 + (α
2




{(ΥI0,0 − I1,0)∆ + [2ΥI1,0 − I0,2 + (α
2
− Υ 2)I0,0]Γ }. (2.37)
Equations (2.36)-(2.37) in combination with the kinematic conditions (which reduce to W =
∂Z/∂t), (2.26) and (2.30) constitute the model equations for our viscoplastic plate. Before we












(e) Plastic limit and yield conditions








{(ΥI0,0 − I1,0)∆ + [2ΥI1,0 − I0,2 + (α
2
− Υ 2)I0,0]Γ }.
(2.38)
From these relations, we may calculate the invariants,























X = 12 [Tr(MΣ) −
1
3Tr(M)Tr(Σ)]




to arrive at the conditions,
Σ2 =Bi2 (α2I20,0 + I
2





M2 =Bi2 [α2(I1,0 − ΥI0,0)
2





Together, these three relations dictate α, Υ and the yield condition under general combinations of
bending moments and in-plane stresses, which feature through the invariants Σ, M and X . Note
that X ≤MΣ, with the equality arriving when M andΣ are aligned.1
For α→ 0, the bending moment and tension tensors become aligned (M∝Σ), and the yield
condition reduces to
M = 14Bi (1 −Ξ
2
) , Σ =BiΞ & X =−MΣ, (2.43)
where Ξ =min(1,2∣Υ ∣). This condition coincides with the criterion derived in [18], given that
(V, ∂/∂y,α)→ 0 for a beam, and M = 12 ∣Mxx∣ and Σ =
1
2 ∣Σxx∣. As pointed out above, this provides
the largest value for ∣X ∣ for a given momentM and tensionΣ. The opposite limit, Υ → 0, orX → 0,
corresponds to a curve on the (Σ,M)−plane given by the parametric form,




1 + 4α2 − α2 sinh−1( 12α)] . (2.44)











This condition also follows immediately from the original, leading-order form of the Herschel-
Bulkley model, given that σij ∼ 4Mijsgn(ζ) (j = 1 or 2), and corresponds to the von Mises criterion
traditionally used for plates [3,7,22,40].
The general yield criterion in (2.42) is equivalent to that presented by Ilyushin (see [23,24]),
and corresponds to the parametrized form of a surface in (Σ,M,X )−space (the parameters being
α and Υ ). This surface is illustrated in figure 2, along with the limits α→ 0 and Υ → 0 established
above. Beyond this surface (to the right of the plot in figure 2(b)), the plate yields throughout its
thickness (see §2(c)). Note that ∣X ∣ is limited by the bound MΣ, restricting the accessible part of
the (Σ,M,X )−space. Also, the plate yields for any moment whenΣ >Bi, or for any tension when
M > 14Bi.
1 For any symmetric matrix A, the invariant 12 [Tr(A
2
) − 13 (TrA)
2
] ≥ 0, and can only vanish if A =0. For A =ΣM −











Figure 2. An illustration of the yield criteria in (2.42), showing X as (a) a density and (b) as a surface over the
(Σ,M)−plane. The limits for α→ 0 and Υ → 0 are highlighted, and the surface shaded grey shows ∣X ∣ =MΣ.
3. Bending of rectangular plates without tension
If we discard the in-plane stressΣ, strain rates D and force balance (2.26), the model reduces to







If we further omit surface tension γ = 0 and adopt n = 1, the viscous part of the bending force
reduces to − 112∇


























) +N, if M > 14Bi, (3.2)
the purely plastic version of which is the same as that used in the plasticity literature (e.g. [22]).
The failure of a flat, perfectly rigid-plastic rectangular plate satisfying the von Mises yield
criterion has been attacked using limit analysis by [7,36–38] and references therein. This analysis
places bounds on the critical value of the yield stress for which the plate fails. For a spatially
uniform load (i.e.N = 1) the sharpest existing computations indicate that (in our notation) 0.2086 ≲
Bicrit ≲ 0.2107. For Bi <Bicrit, plastic failure occurs; for the viscoplastic fluid plates considered
here, a finite plate velocity then arises that we may calculate using the augmented Lagrangian
scheme outlined in Appendix A(a).
A sample solution for a square plate with a uniform load (N = 1) and Bi = 18 <Bicrit is
displayed in figure 3. The pattern of viscoplastic deformation is not very different from that of
either a viscous or perfectly plastic plate (see panel (b), which shows two other solutions close
to the Newtonian and plastic limits). A small plug appears in the corners of the plate if Bi > 0. A
suite of computations with varying yield stress demonstrate thatWmax converges (quadratically)
to zero as Bi approaches a critical value around 0.21 (a more accurate estimate of Bicrit demands
a higher spatial resolution than we use).
Results for rectangular plates are shown in figure 4. In these cases, the plate occupies −1 <
x < 1 and −Ly < y <Ly , and is subjected to a spatially localized load with N = 64π e
−16r2 , so that
the forcing has a characteristic radius of 14 and the net load is unity. For a square plate (Ly = 1),
this forcing generates a velocity W somewhat like that for the uniform load. However, the plate
eventually plugs up further from the localized load for longer plates (Ly > 2.25), with the solution
becoming independent of Ly once the yielded region disconnects from the top and bottom edges
(as illustrated by the midsection profiles of w in (c) and the speed and plug data plotted in (d)-
(e)). The yielded region also detaches from the side edges (x =±1) for narrower plates (Ly < 0.5),











Figure 3. Pure bending solution for a (clamped) square plate subject to a uniform load with Bi = 1
8
, showing (a) surface
and (b) contour plots of W /Wmax, then density plots over the (x, y)−plane of (c) log10 Γ , (d) 4Mxx/Bi and (e)
4Mxy/Bi. In (b), we also show the contours for solutions with Bi = 10−4 (red) and Bi = 0.2 (blue), and the sections
through the midline y = 0 (original solution for Bi = 1
8
shown in purple). The inset in (a) displays Wmax against Bi for a
suite of computations. In (c)-(e), only the first quadrant is displayed and the dashed line indicates the yield surface that
isolates the plugged corner.
containment effect eventually triggers a passage to the plastic limit Bi→Bicrit(Ly), which occurs
just below Bi = 0.25 for the examples shown in figure 4.
4. Bending of circular plates
For the bending of an axisymmetrical plate without tension, we first record the model equations
written in polar coordinates (r, θ). These equations can be arrived at by following the reduction
in §2(c) for the governing equations (2.8)-(2.15) expressed in cylindrical polars, or by using the
































































θθ − ΓrrΓθθ). (4.3)
The Bingham version of this model is equivalent to that proposed by Wierzbicki [25] (see his
equations (2.3)), although a linearization of the constitutive law is immediately adopted in that
work for further analysis (which reduces the stress terms to a viscous-like biharmonic one; see also











Figure 4. Pure bending solution for (clamped) rectangular plates subjected to a compact load with Bi = 1
5
. The plate
occupies −1 < x < 1 and −Ly < y <Ly . In the upper panels we show density plots of log10 Γ over the (x, y)−plane,
with superposed contours of constant W /Wmax, for (a) Ly = 0.3, 12 and 1, (b) Ly = 2 and (c) Ly = 3. Midsections
through the profiles along y = 0 (top) and x = 0 (right) are also plotted in (c); the darker (red) lines show the profiles for
the solutions plotted as densities in (a)-(c), whereas profiles for all the other computed solutions are shown in lighter grey.
The lower panels plot (d) Wmax and ∫ ∫ W dxdy, and (e) the uppermost and rightmost positions of the yielded region
(Xa, Ya) and (Xa, Ya) (as indicated on the density plots), against Ly .
(4.12) of [27] to a rate-dependent constitutive law is not the same as our Herschel-Bulkley model,
which is more similar to plate models based on the Cowper-Symonds law used in structural







and we recover the plastic plate model used by [3,40].
(a) Failure states
For Re → 0, we may compute the mode of failure of flat circular plates below the critical yield
stress, Bi <Bicrit. Some results are shown in figures 5–6 for N = 1. The solutions are again
computed using an augmented Lagrangian scheme (see Appendix A(b)). The first figure shows
examples with (Mrr −Mθθ,W
′
)→ 0 for r→ 0 and W (1) =W ′(1) = 0, corresponding to solutions
for a circular plate that is clamped at its outer edge (r = 1); similar solutions for circular plates
with simply supported edges (Mrr(1) = 0) have been reported in [27]. The second figure displays
solutions for a clamped annulus (W =W ′ = 0 at both edges; inner radius at r = 13 ).
The computations in figure 5 demonstrate the convergence to the purely plastic solution of the
problem [3,40] which is encountered for Bi =Bicrit ≈ 0.184. On approaching this limit,








































Figure 5. Pure bending solution for a circular plate clamped at its edge. (a) W /Wmax, (b) Mrr and (c) Mθθ against r
for Bi = 10−4, 0.05, 0.1 0.15 and 0.18. The purely plastic solution at Bi =Bicrit ≈ 0.184 is shown by the dashed lines.
The insets in (a) showWmax against Bicrit −Bi, along with 6.37(Bicrit −Bi)2, and 2M/Bi against r for Bi = 0.15,
0.16, 0.17 and 0.18.

























Figure 6. Pure bending solution for an annulus clamped at both edges with inner radius at r = 1
3
. (a)W /Wmax, (b)Mrr
and (c)Mθθ against r for Bi = 10−4, 0.01, 0.02 0.03, 0.04 and 0.047. The purely plastic solution at Bi =Bicrit ≈ 0.050
is shown by the dashed lines. The insets in (a) showWmax against Bi, and 2M/Bi against r for Bi = 0.04, 0.043, 0.45
and 0.47.
The origin of this scaling is rooted in the emergence of a viscoplastic boundary layer at
the edge for Bi→Bicrit, which is required because the solution in the plastic limit fails to
satisfy the clamping condition W ′(1) = 0. Over the viscoplastic boundary layer, or “hinge”, Wr
varies sharply, adjusting the solution to meet the boundary condition and enforcing the limit
(Mrr,2Mθθ)→−
1
2Bicrit, which aligns with the boundary conditions adopted for the perfectly
plastic solution [3,40]). We provide a more detailed analysis of the hinge region in Appendix B,
establishing both the power and prefactor in (4.5).
The annulus solutions in figure 6 display convergence to another plastic limit, this time for
Bi =Bicrit ≈ 0.05. Viscoplastic boundary layers again develop against the clamped edges, but a
further hinge also appears at a radius rh midway across the annulus where the radial bending
moment Mrr reaches a maximum and (Mrr,2Mθθ)→
1
2Bicrit. To compute the corresponding
plastic limit, one must piece together two solutions, one for [ 13 , rh] and the other for [rh,1]. At






rr = 0 at the
internal hinge, r = rh. As detailed in Appendix B, the viscoplastic boundary layers that arise at











Figure 7. An impulsively driven clamped plate. (a)-(c) show snapshots of W(r, t) at the times indicated for Bi = 1. In
(a), the shaded region indicates the central plug. Further snapshots are plotted in (d), equally spaced in t
1
4 ; the black
dashed lines show the corresponding viscous (Bi = 0) solution for the first five. Panels (e) and (f) show time series of




and j = 0, 1, ..., 6. The stars indicate the end points of the computations, and the dashed lines again show the viscous
solution. In (f), the thicker line shows the end points of computations for more values of Bi, coloured according to the key
indicated; the corresponding stopping times tfRe and maximum deflections ZfRe are plotted against Bi in the inset.
The failure states of the annulus are also interesting to compare against the corresponding
states for a loaded flat beam (i.e. the initial fall of the viscoplastic catenary of [18]). For a
beam, rigid plugs intervene between yielded sections at the centre and clamped edges (cf. figure
10 of Appendix A(a)). Over these plugs, the yield condition demands only that ∂2W /∂x2 = 0,
allowing for the appearance of tilting sections with linear slopes for W (x, t) and therefore






−2(W ′)2 + 12(W
′′ + r−1W ′)2 = 0 demands that W ′ =W ′′ = 0 over the plugged
regions. The tilting plugs of the beam are therefore ruled out for the radial problem and instead
develop into regions of nearly perfectly plastic deformation for the circular plate (whereM ≈ 12Bi;
see the inset of figure 6(a)).
(b) Impulsively driven inertial plates
Wang & Hopkins [39] considered the inertial deflection of a circular plate set impulsively into
motion for a perfectly plastic material satisfying the Tresca yield condition. The viscoplastic
version of the problem with the von Mises condition, corresponding to the current plate model
for a Bingham fluid, was solved approximately by [25,26].
Numerical solutions for an impulsively and uniformly driven Bingham plate are shown in
figures 7 and 8. In this problem, with no enduring load (N = 0), a convenient choice for the velocity
scale V is the initial velocity, so that W (r,0) = 1 for r < 1. Equation (2.13a) then sets the stress scale











Figure 8. An impulsively driven clamped plate with Bi = 100, showing (a) snapshots of W(r, t) equally spaced in t 14 ,
(b) the strain rate log10 Γ plotted as a density on the (r, t
1
4 )−plane with superposed contours of constant W , and (c)
a surface plot of W(r, t) at t = 10−4Re with the plug shaded grey. The dashed lines in (b) indicate the times of the
snapshots in (a). In (d), we compile the final profiles of Z/Zmax for the current solution, all the computations in figure 7,
and two more solutions with Bi = 101.5 and 103. The dashed line again shows the viscous solution.
number on the dynamics by redefining t: the only time derivatives to appear are in the inertial
term and the kinematic relation W = ∂Z/∂t. Hence, if we switch to the time variable tRe −1, the
Reynolds number is only needed to reconstruct the deflection Z(r, t) from the velocity W (r, t).
If we focus on n = 1, the Bingham number Bi becomes the only remaining parameter. Figure 7
shows the details of a solution with Bi = 1, and a summary of results from a suite of computations
with varying Bi; an example with higher yield stress, Bi = 100, is displayed in figure 8.
As illustrated by the snapshots of W in figure 7(d), the plate behaves viscously near the
clamped edge at early times owing to the relatively large strain rates that arise there. Indeed,
for t≪ 1, one expects the viscous arrest of the motion due to clamping to take the form of a
signal propagating into the plate with the self-similar form, W =F (η) with η = (1 − r)(Re /t)
1
4 .
This feature of the velocity deficit at the edge is well illustrated by the snapshots in figure 7(d)
which are equally spaced in t
1
4 . Despite this, the strain rates decline quickly into the bulk of the
plate, and the associated bending moment M does not remain above the yield value 12Bi much
beyond the edge. The fluid then stays plugged up over a rapidly shrinking central area (see figure
7(a), which shows the plug for an early time snapshot). At later times, the plug disappears, but
re-emerges briefly whenever the radial gradients of W become small at the centre of the plate,
which happens repeatedly owing to the spatially oscillating structure of the velocity deficit and
whenever the profile at r = 0 passes through an inflexion. Finally, the plate deflection brakes to rest
under the yield stress, with motion stopping in finite time (unlike for the viscous problem, where
motion decays exponentially). A number of the finer details of the dynamics are not captured by
the approximations employed in [25,26,28].
When Bi≫ 1, the yield stress has more impact, as seen in the solution in figure 8. In this case,
the velocity profile remains flat-topped over much of the evolution, bordered by a weaker internal
viscoplastic hinge, with a sharper hinge appearing at the outer edge. The plot of the strain rate
Γ on the space-time diagram in figure 8(b) illustrates the recurring plugs (which appear over the
regions where the colour shading saturates at its lowest value). For (t/Re )
1











and its weak hinge disappears, leaving a rounded decaying profile. The two phases of evolution
are evidently the analogue of those constructed in [39] for a perfectly plastic Tresca material.
Although the dynamics depend on Bi in this way, the profile of the final displacement is
similar for all yield stresses, with Z/Zmax merely becoming steeper near the outer hinge for
larger Bi (figure 8(d)). Note that the approximation for the scaled final profile provided in [26]




stopping times tf and final deflections Zf are plotted against Bi in the inset of figure 7(f). In the
plastic limit (Bi≫ 1), we record the results,
(tf , Zf ) ∼ (0.19,0.15)
Re
Bi
, or tf ∼ 0.19
ρV2R2
HτY




in dimensional units, whereR ≡L is the plate radius and V the initial velocity (cf. [26,29,39], who
quote similar formulae, but with pre-factors of 0.4 and 0.3, respectively).
5. Bending beams with tension
In our last example, we include in-plane stresses and strain rates for a (one-dimensional) beam
without inertia and surface tension (Re = γ = 0). With ∂/∂y→ 0 and V → 0, we find α→ 0 and the
plate model becomes, where the plate is yielded and Σ2xx + 8Bi∣Mxx∣ > 4Bi
2,
Σxx =








































(1 + n − 2Υ )∣1 + 2Υ ∣n+1 + (1 + n + 2Υ )∣1 − 2Υ ∣n+1
2(n + 1)(n + 2)














+N = 0, (5.1)
as in [18] (if Σ2xx + 8Bi∣Mxx∣ < 4Bi
2, Dxx = ∂2W /∂x2 = 0). We use this model to explore the





1, ∣x∣ < xc
0, ∣x∣ > xc
. (5.2)
Provided Bi <Bicrit ≡ 1 − 12xc, the beam fails, but then comes to rest once the deflection builds
up the in-plane tension. The dynamics are illustrated by the sample numerical solutions of (5.1)
displayed in figure 9 for the case of a compactly loaded Bingham plate (xc→ 0 and n = 1).
Initially the beam contains two plugs symmetrically placed about the centre, occupying
xa < ∣x∣ < xb. For lower yield stresses, the plugs narrow and disappear, to leave a fully yielded
beam. At higher yield stress, the plugs persist and widen, leaving narrow viscoplastic hinges
against the clamped edges. For xc > 0, the central yield region narrows with time, but remains
wider than the hinges at the clamped ends (cf. [18]). However, for a compact load, and as seen in
figure 9, the central region thins to another viscoplastic hinge at x = 0. With an intermediate yield
stress, the evolution is more convoluted, with the plugs disappearing, then others appearing at
different position within the beam, see figure 9(f). The limits of lower and larger yield stress can
be understood analytically, as we map out below.
(a) Fully yielded beams
When Bi≪ 1, the beam becomes fully yielded after an initial transient (see figure 9(e)) and











Figure 9. Deflections of a beam under a localized load (xc = 0). Snapshots of Z(x, t) are shown for (a) Bi = 0.1,
(b) Bi = 0.3 and (c) Bi = 0.6. In (d), we show the corresponding time series of the tensions Σ(t), and in (e)-(g) the
distributions of the bending rate K = ∣∂2W /∂x2∣ as densities over the (x, t)−plane for the right half of the beam. The
dotted lines in (d) indicate the times of the snapshots in (a)-(c), and the light dotted lines in (e)-(g) locate the borders
of the plugs. Results for a wider range of yield stress are shown in (h), which plots the final tension Σf and maximum
deflection Zf against Bi (stars). The dashed lines in (a), (d) and (h) indicate the predictions of the analysis in §5(a) (eqs.
(5.6)-(5.7), taking Σxx(0) = 0.7); the dot-dashed lines show the results from §5(b) (eqs. (5.19)-(5.20), taking Σxx(1)
from the numerical solution as initial condition).
characterized by the scalings,
t =O(Bi−2−
1
n ), (Σ,U,∆xx) =O(Bi), (W,M) =O(Bi
2
), (Z,Υ ) =O(Bi−1).




∼−N(x) & Z ∼Σ−1xx × {
1 − 12xc − x
2
/(2xc), 0 ≤ x ≤ xc
1 − x, xc ≤ x ≤ 1
. (5.3)




n−1Dxx + 2Bi (5.4)








x2 0 ≤ x ≤ xc
xc
2 xc ≤ x ≤ 1
. (5.5)







which implies a final tension and maximum deflection of
Σf ∼ 2Bi & Zf ∼ (2Bi)
−1. (5.7)











(b) Bending near the plastic limit
Closer to the critical yield stress Bicrit, the deflection of the beam is controlled by the viscoplastic
hinges that develop against the clamped ends (x =±1), with an internal hinge at the centrepoint
(x = 0) permitting the bulk of the two sides of the beam to tilt rigidly (cf. figure 9(c,g)). Over the
rigid sections, we have















& U ∣x→1 ∼U ∣x→0 −ZmaxŻmax, (5.9)
where the limits refer to the approach of the plug solution to the hinges.
Within the hinges, the viscous bending term Λ∣∂2W /∂x2∣n becomes important, but viscous
stretching remains too small to matter (as it features one less spatial derivative). Thus, Σ/(2Bi) =
Ξ is constant in x over both hinges, given that ∂Σxx/∂x = 0. There can also be no plugs if Ξ = 1
(the beam yielding entirely under any moment), and so Ξ = 2∣Υ ∣. Over the internal hinge at the
centre, Υ =Dxx(∂2W /∂x2)−1 < 0 (the rate of extension must be positive, but the curvature rate is















given that ∂W /∂x must match with (5.8c) and U = ∂W /∂x = 0 at x = 0. By contrast, Υ > 0 over the






It follows immediately from (5.9), (5.11) and (5.12) that Zmax ∼Σxx/(2Bi).
A finer analysis is needed to account for bending over the hinges at the clamped ends,
requiring the matched asymptotic expansion of Appendix B. We avoid the details here, however,











where the factor Λ is constant in x since Υ →Σxx/(4Bi) (N.B. in Appendix B, Λ→ (n + 2)−1 and
Ξ→ 0). Next, if bending over the internal hinge at x = 0 is not important (cf. Appendix B), the





) +Σ(Zmax −Z) −
1
2 × {
x2/xc, ∣x∣ < xc




) + (1 −
Σ2
2Bi
)(1 − x) − M̃ for x→ 1, (5.15)
where




is a small residual moment that drives evolution and must be balanced by the viscous bending

























(cf. Appendix B). However, the only detail required to complete the solution outside the hinge
is the bending rate, ∂W /∂x, at the edge of the hinge (x = xp), which follows immediately from
integrating (5.17) and must match with ∂W /∂x from (5.8c).











(Bicrit ≡ 1 −
1
2xc). (5.18)
This equation applies if xc > 0, implying that the central hinge is weaker than those at the ends
(Appendix B). If xa→ 0, on the other hand, bending is also significant within the central hinge,
driven by the sharpness of the load. In that circumstance, the contribution of the viscous stress
for x≪ 1 must also be included in (5.14). But as the problem becomes symmetrical about x = 12 in
this limit (see figure 9), this addition simply amounts to replacing the left-hand side of (5.16) by
2M̃ . Consequently, for xc→ 0 and n = 1,
Σ̇xx ∼




An approximation of this equation, that works slightly better for lower Bi and Σxx, is to neglect
Σ2xx in comparison to 2Bi in the denominator, as employed in figure 9 along with the predictions
for the final tension and maximum deflection:
Σf ∼
√
4Bi(1 −Bi) & Zf ∼
√
Bi−1 − 1. (5.20)
6. Discussion
In this paper we have developed a theory for the bending of thin plates of viscoplastic fluid
described by the Herschel-Bulkley law. Our outlook is somewhat different from that in solid
mechanics, where viscoplastic models have been used previously to describe metal plates (e.g.
[25–27,29]), our main aim being to apply the theory to a number of geophysical problems. The
construction follows on from developments in plasticity [2–4,22] and viscous fluid mechanics
[9–12], and builds on earlier analyses of viscoplastic beams [17–20]. The Herschel-Bulkley law
employs the von Mises yield criterion, which complicates the analysis of the dynamics of a
thin plate and previously prompted many in plasticity theory to opt for other yield criteria
(e.g. [2–6,22,43]). However, armed with modern numerical and asymptotic methods, there is
no need to avoid the von Mises condition in plate theory. Indeed, the plate model we have
developed here conveniently poses the yield criterion in terms of three particular invariants of the
bending moment and in-plane stress tensors. This yield criterion is equivalent to that presented by
Ilyushin [23,24], and compactly organizes the interaction between the various stress components
for the geometry of a thin plate. With the plate model in hand, we have reconsidered a number of
classical problems concerning the failure of viscoplatic plates or their deflection under load. The
formulation is well suited to numerical and further asymptotic analysis. To assist with the former,
we have adapted an augmented Lagrangian algorithm that deals consistently with any unyielded
regions and the singularity in the effective viscosity at yield [41,42].
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A. Augmented Lagrangian schemes (n = 1)
The augmented Lagrangian scheme is based on a variational formulation of the problem
and avoids difficulties with the yield condition by introducing dummy variables and an
iterative algorithm. A key feature is to reduce the original problem to a linear, inhomogeneous,











corresponds to the Euler-Lagrange equations associated with variations of the augmented
functional,





+ ∫ ∫ ∑
i,j
[λij(Kij − kij) +
1
2$(Kij − kij)(Γij − γij)]dxdy,
(A 1)











[λij −$γij] (A 2)
γ ={
0, T < 14Bi
$−1 (1 − 14T
−1Bi)T, otherwise
,






and Kij = kij , which are solved iteratively as outlined below.
(a) Rectangular plates in pure bending
Building on the preceding Euler-Lagrange equations, the iteration loop is
( 13 + 4$)∇





















yy ), (A 4)







0, T < 14Bi
$−1 (1 − 14T
−1Bi)T, otherwise
,






λ(j+1) =λ(j) +$(Γ (j+1) − γ(j+1)). (A 7)
where the superscript refers to iterate. To solve (A 4) at each step, we use Chebyshev
differentiation matrices that directly incorporate the boundary conditions on W [44]. We choose
$ = 12Bi for one-dimensional beams $ = 8Bi for square plates (the scheme ought to converge
for any value of this parameter, but empirical tests indicate these choices to be expedient).
The iteration loop is continued until the root mean square differences in W (j+1) −W (j) and
Γ (j) − γ(j) decline below 10−8 (for beams) or 10−4 (for plates) relative to the root-mean-square
averages of W (j) and Γ (j+1), respectively.
Figure 10 compares a sample numerical solution for a clamped flat beam with the exact
solution [18]. The overall rate of convergence is relatively fast except close to the plastic limit
(which is Bi =Bicrit = 0.5 for this problem). The solution contains two plugs spaced symmetrically
about the centre (spanning x < ∣xa∣ and xb < ∣x∣ < 1) over which the stress state is formally
indeterminate for the full plate problem. The augmented Lagrangian algorithm nevertheless
converges to an admissible solution within any plugs. For the square plate solutions shown in
figure 3, we employ 120 × 120 collocation points distributed over 0 ≤ (x, y) ≤ 1, exploiting the
symmetry about x = y = 0 to restrict the computational grid to the first quadrant. We employ a
similar reduction for the rectangular plates in figure 4 and use the same number of collocation
points.
The numerical scheme used in §5 does not employ an augmented Lagrangian scheme. Instead,
the model in (5.1) with n = 1 is sufficiently simple to solve directly: at each time step, we invert
the constitutive law to write Dxx and ∂2W /∂x2 in terms of Σxx and Mxx, thereby incorporating
the yield condition. We may then integrate (5.1) in space, given the current deflection Z(x, t); we
use MATLAB’s bvp4c for this task. The predicted velocity W (x, t) can then be used to evolve the
































Figure 10. Pure bending solution for a clamped flat beam with Bi = 0.3, showing (a) W , Kxx/3 and BiΓxx/4Γ .
The lines show the computed solution with 120 Chebyshev points distributed over [0, 1], the symmetry about x = 0
having been exploited to halve the computational domain; the dots indicate the exact solution (evaluated at the collocation
points). The shaded regions indicate the plugs, ∣x∣ < xa and xb < ∣x∣ < 1. Panel (b) shows the convergence of ⟨Γ (j+1) −
γ(j+1)⟩/⟨Γ (j+1)⟩ against j for the values of Bi indicated (⟨...⟩ denoting root-mean-square average). In (c), we plot
1 − xb and xa against Bicrit −Bi for the numerical solutions (stars) and analytical solution (lines).
(b) Circular plates
























































































along with (A 6)-(A 7). When the inertial term is included (Re ≠ 0), the backward Euler
differencing of the time derivative in (A 8) introduces the solution from the previous time step,
denoted Wp, leading to a fully implicit marching scheme; ∆t is the duration of the time step.
We solve this problem using MATLAB’s bvp4c to integrate (A 8)-(A 9) at each step of the
iteration; the inhomogeneous terms stemming from γ(j) and λ(j) are known during this
integration and need only to be tabulated and then interpolated over a suitably fine reference
grid. The method has the advantage of exploiting an adaptive grid to place gridpoints wherever
the solution for W (j+1) changes sharply. We make the convenient choice $ = 2Bi.
Note that the sample solutions in figure 5 and 6 yield either everywhere (for Bi <Bicrit)
or nowhere (for Bi >Bicrit). In such cases, we may use a simple integrator without any yield
condition to provide a useful check on the fidelity of the numerical solutions or to accelerate their
computation. Alternatively, we may also “regularize” the constitutive law [21] by including a




θθ − ΓrrΓθθ + ε
2
). This latter algorithm proves convenient











ε = 0.005 or less) in agreement with those from the augmented Lagrangian algorithm, except for
the stress over the plugs (where the regularized solutions are not completely rigid).
B. Viscoplastic boundary layers (hinges)
For Bi→Bicrit, the bulk of the plate deforms like a perfectly plastic solid, with viscous stresses
becoming restricted to narrow viscoplastic boundary layers, or “hinges”. These layers arise
against the clamped edges of the plate and around the loci of maximum deformation, and are
the viscoplastic analogue of the hinges lines and circles that have received special attention in
plasticity theory (e.g. [2,4–6,22,43,45]). The boundary layers may border rigid plugs or regions
of nearly perfectly plastic deformation, and correspond to the fine structures found in other
viscoplastic flow problems [46].
In view of the shortened lengthscale around the hinge, the local bending rates are dominated
by the component ∂2W /∂η2, where η denotes the normal coordinate to the hinge (i.e. either η = r
for the circular plate, or the Cartesian coordinate perpendicular to the edge of a rectangular
plate). Thus, Γηη = 2Γςς and Mηη = 2Mςς , if ς denotes the coordinate along the hinge. The





4 ,0) at the hinge, selecting the plus sign for a velocity maximum, and
the minus sign at a clamped edge.
(a) Clamped edges
Let δ≪ 1 denote the reduced lengthscale of a hinge against a clamped edge. The deformation
outside the hinge region is characterized by a solution W =Wmaxwp of the purely plastic
equations, where the shape function, wp(x, y) or wp(r), is prescribed but the amplitude Wmax≪
1 is not. Instead, Wmax is dictated by the viscous dissipation over the hinge region, leading to a
limiting form W∗ ∼O(Bicrit −Bi)
a, where a can be determined from scaling theory. In particular,
the contribution of the viscous stress to the bending moment is O(δ−2n∆n) if ∆ denotes the
variation in W across the hinge. This contribution must match the adjustment to the moment due
to the finite scale of the hinge region (i.e. O(δ)), and the correction to the plastic bending moment
stemming from the discrepancy between the yield stress and its critical value (i.e. Bicrit −Bi). That
is, ∆n/δ2n ∼ δ ∼O(Bicrit −Bi), or δ ≡Bicrit −Bi and ∆ ∼O(δ
2+ 1n ). The amplitude Wmax now
follows from demanding that the bending rate in the bulk of the plate,Wmax∂wp/∂n =O(Wmax),
match with that in from hinge, which is O(δ−1∆). Hence, Wmax =O(Bicrit −Bi)
1+ 1n . For n = 1,
we arrive at Wmax =O(Bicrit −Bi)
2, as observed in numerical computations (figures 3, 5 and 6).
Armed with these scalings, we now pursue a more detailed solution: we first note that over the
bulk of the plate, the viscous bending stresses are O(δ1+n) or smaller given that W ∼O(Wmax)
and length scales are O(1). To O(δ), we may therefore assume that the solution is simply the
perfectly rigid-plastic one, but with a yield stress Bi =Bicit − δ.
We next resolve the hinge region by rescaling the normal coordinate η and plate speed: η = δξ
and W = δ2+
1

















(2Mηη −Mςς) ∼O(1), (A 2)
where κ is the curvature of the hinge. The local moment Mηη must therefore be a linear function
of ξ to O(δ2) with the form
Mηη =−
1











for some constants C and ξ∗ which must be fixed by matching the hinge solution to the perfectly































in view of the clamping conditions W(0) =W ′(0) = 0. Finally, we note that the boundary layer











n . (A 5)
For a circular plate, the structure of the perfectly plastic solution within the bulk of the plate
permits further progress: this solution can be expressed in the form,









Bi for ζ =Bi
− 12
crit. Thus, if Bi =





4δ(2 −Bicrit) (ξ +
1
2Bicrit
) . (A 7)
In other words, ξ∗ ≡ (2Bicrit)
−1 and C ≡ 14(2 −Bicrit). The numerical plastic solution also
indicates that Bicrit ≈ 0.184 and ∂wp/∂r ≈−0.790, leading to the prediction in (4.5) for n = 1.
(b) Internal hinges
For an internal hinge, the normal bending moment Mηη also reaches a maximum at 12Bi, and
its local form must therefore be quadratic: Mηη ∼ 12Bi +O(η
2
). In the scaling analysis we must
then demand the balance ∆n/δ2n ∼ δ2, or ∆ ∼ δ2+
2
n . The match of the bending rates at the
edge of the hinge layer now implies that Wmax ∼ δ−1∆ ∼ δ1+
2
n . But we always apply clamped
conditions around the edges, so that Wmax =O(Bicrit −Bi)
1+ 1n . Thus, the internal hinge has a
scale δ =O(Bicrit −Bi)
1+n
2+n , which is wider than the boundary layer at the clamped edge. A direct
consequence of this feature is that the speed Wmax beyond failure is dictated by the latter rather
than the former. For n = 1, the internal hinge has thickness δ =O(Bicrit −Bi)
2
3 , in comparison to
the O(Bicrit −Bi) scale at the clamped edge. This disparity is evident in the inset of figure 6(a),
where the bending momentM over the boundary layers at the edge of a clamped annulus is both
stronger and sharper than over the central hinge, and in the scalings for a loaded clamped beam
shown in figure 10(c).
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